
Journal of Computational Physics 228 (2009) 7792–7804
Contents lists available at ScienceDirect

Journal of Computational Physics

journal homepage: www.elsevier .com/locate / jcp
Compact finite difference method for the fractional diffusion equation

Mingrong Cui
School of Mathematics, Shandong University, Jinan 250100, Shandong, China

a r t i c l e i n f o
Article history:
Received 28 April 2009
Received in revised form 17 July 2009
Accepted 23 July 2009
Available online 3 August 2009

MSC:
65M06
65M12
65M15
35Q51
35Q53
78M20

Keywords:
Fractional diffusion equation
Finite difference
Compact scheme
Padé approximant
Stability
Convergence
Fourier analysis
0021-9991/$ - see front matter � 2009 Elsevier Inc
doi:10.1016/j.jcp.2009.07.021

E-mail address: mrcui@sdu.edu.cn
a b s t r a c t

High-order compact finite difference scheme for solving one-dimensional fractional diffu-
sion equation is considered in this paper. After approximating the second-order derivative
with respect to space by the compact finite difference, we use the Grünwald–Letnikov dis-
cretization of the Riemann–Liouville derivative to obtain a fully discrete implicit scheme.
We analyze the local truncation error and discuss the stability using the Fourier method,
then we prove that the compact finite difference scheme converges with the spatial accu-
racy of fourth order using matrix analysis. Numerical results are provided to verify the
accuracy and efficiency of the proposed algorithm.

� 2009 Elsevier Inc. All rights reserved.
1. Introduction
Fractional differential equations (FDEs) have attracted increasing attention because they have applications in various
fields of science and engineering. For example, they can describe many physical and chemical processes, biological systems,
etc. The main physical purpose for investigating diffusion equations of fractional order is to describe phenomena of anom-
alous diffusion in transport processes through complex and/or disordered systems including fractal media, and fractional
kinetic equations have proved particularly useful in the context of anomalous slow diffusion, see, for example, the excellent
review paper [1]. An overview of the basic theory of fractional differentiation, fractional-order differential equations, meth-
ods of their solution and applications can be found in the book [2].

There have been several numerical methods proposed for solving the space and/or time FDEs up to now. Lynch et al. [3]
developed two numerical schemes, one explicit and another one semi-implicit, for solving the transport problem with anom-
alous diffusion modeled by a partial differential equation of fractional order. Meerschaert and Tadjeran [4] studied the one-
dimensional radial flow model, they found that the fractional derivative describes more accurately the early arrival that can-
not be explained by the classical advection–dispersion equations and they presented an implicit Euler method, based on a
. All rights reserved.
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modified Grünwald approximation for the fractional derivative. Langlands and Henry [5] investigated the fractional diffusion
equation and proposed an implicit numerical scheme but without the global accuracy of the numerical scheme. Yuste and
Acedo [6] proposed an explicit finite difference method and analyzed the condition for stability for the fractional subdiffu-
sion equation. Recently, Chen et al. [7] employed a difference approximation scheme for solving the fractional diffusion
equation, analyzed the stability and the accuracy by the Fourier method, and Zhuang et al. [8] investigated the stability
and convergence of an implicit numerical method by the energy method. Both implicit and explicit finite difference methods
for fractional reaction-subdiffusion equations were given in Chen et al. [9], and an implicit numerical method and new ana-
lytical techniques were introduced for the modified anomalous subdiffusion equation with a nonlinear source term in Liu et
al. [10]. The fractional heat equations were discussed in [11] and matrix approach to discrete fractional calculus were given
in [12,13]. For the theoretical solutions, the velocity field for the fractional anomalous diffusion caused by a plate moving
impulsively in its own plane was studied in Xu and Tan [14].

To the author’s knowledge, we have not seen a scheme that is convergent with order higher than two for the space var-
iable. Therefore, it is interesting to discuss high-order numerical methods for FDEs. Because compact finite difference
schemes have the advantages of the fourth-order accuracy to approximate the second-order derivatives and keeping the
desirable tridiagonal nature of the finite-difference equations, they have been discussed by Hirsch [15] and Lele [16]. The
compact finite difference approximation for the second order space derivative is explained in paper [17] with applications
for reaction-diffusion problems. Recently, Cui [18] considered the compact finite difference scheme to the generalized one-
dimensional sine-Gordon equation with error analysis.

The main purpose of the this paper is to solve the fractional diffusion problem using the compact difference scheme and
give the stability and convergence analysis. Previous methods for fractional subdiffusion problems have been limited to sec-
ond-order accuracy in space. Compact scheme is a high-order method and the coefficient matrix of the linear system of equa-
tions of the unknowns is tridiagonal and can be easily solved by the Thomas algorithm. Because implicit schemes have better
stability properties than the corresponding explicit ones, we consider the implicit compact difference approximation scheme
in our paper. As pointed in the paper [4], the general preference for the Crank–Nicolson scheme for the classical partial dif-
ferential equations is that it is second-order accurate in time. However, the Grünwald–Letnikov estimates are only first order
accurate, and therefore in the paper we give the backward Euler scheme. To increase the accuracy of time, we can use the
Richardson extrapolation technique as proposed in paper [8]. The model problem considered here is the one-dimensional
fractional diffusion equation describing subdiffusive phenomena with a non-homogeneous term [1,6],
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where Kc is the generalized diffusion constant, and 0D1�c
t uð0 < c < 1Þ denotes the Riemann–Liouville fractional derivative of
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Note that in the limit c! 1, the FDE (1) reduces to Fick’s second law, and (1) corresponds to the ordinary (or Brownian) dif-
fusion equation. The initial condition for (1) is
uðx;0Þ ¼ wðxÞ ð3Þ
and the Dirichlet boundary condition for (1) is given by (with uð0Þ ¼ wðL0Þ and wð0Þ ¼ wðL1Þ for consistency)
uðL0; tÞ ¼ uðtÞ; uðL1; tÞ ¼ wðtÞ; t � 0: ð4Þ
The paper is organized as follows: in Section 2, we present an implicit compact difference scheme. We approximate the
second-order derivative with respect to space by the compact finite difference, then we use the Grünwald–Letnikov discret-
ization for the approximation of the time fractional derivative. In Sections 3 the matrix form for the difference scheme is
given, and the solvability for the linear system of equations is discussed. In Section 4 we give the local truncation error,
investigate the stability by the Fourier method, and discuss the convergence of the scheme using matrix analysis, follow
the paper by Zhao et al. [19]. We prove that the scheme is unconditionally stable for all c in the range 0 < c < 1, derive
the global accuracy and prove the convergence of the scheme. Finally, some numerical results are provided in Section 5, they
are in agreement with our theoretical analysis. The paper concludes with a summary in Section 6.

In this paper, the symbol C is a generic positive constant, it may take different value at different places. We use the ‘‘empty
sum” convention

Pq
l¼pv l ¼ 0 for q < p.

2. Compact finite difference scheme

2.1. Partition and the solution vector

For the numerical solution of the problem above we introduce a uniform grid of mesh points ðxj; tkÞ, with
xj ¼ L0 þ jh; j ¼ 0;1; . . . ;M and tk ¼ ks; k ¼ 0;1; . . . ;N where M and N are positive integers, h ¼ ðL1 � L0Þ=M is the mesh-width



7794 M.R. Cui / Journal of Computational Physics 228 (2009) 7792–7804
in x and s ¼ T=N the time step. The theoretical solution u at the point ðxj; tkÞ is denoted by uk
j . The solution of an approxi-

mating difference scheme at the same point will be denoted by Uk
j . We denote the exact solution vector of order N by

uk ¼ uðtkÞ ¼ ðuk
1; . . . ;uk

M�1Þ
T and the approximate solution vector Uk ¼ UðtkÞ ¼ ðUk

1; . . . ;Uk
M�1Þ

T .

2.2. Derivation of the numerical scheme

We give the numerical solution for the model problem 1, 3 and 4. As the familiar central difference quotient defined by
1

h2 d2
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1
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gives only second-order approximation to uxx, we can use the compact finite difference operator instead, and maintaining the
three-point stencil. Introduce the central difference operator dxuj ¼ ujþ1=2 � uj�1=2, then higher-order finite difference opera-
tors are derived from the approximation ((1–69) and (1–70) in [20])
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That is, we can use
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to keep the fourth-order accuracy and the tridiagonal nature of the schemes.
Using the relationship between the Grünwald–Letnikov formula and the Riemann–Liouville fractional derivatives [2], we

can approximate the fractional derivative by
0D1�c
t f ðtÞ ¼ 1

s1�c

X½t=s�
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k f ðt � ksÞ þ OðspÞ; ð7Þ
where xð1�cÞ
k are the coefficients of the generating function, that is, xðz;aÞ ¼

P1
k¼0x

ðaÞ
k zk. We will discuss the case for

xðz;aÞ ¼ ð1� zÞa, and thus p ¼ 1. In this case, these coefficients are xðaÞ0 ¼ 1 and xðaÞk ¼ ð�1Þk a
k

� �
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k � 1 and can be evaluated recursively,
xðaÞ0 ¼ 1; xðaÞk ¼ 1� aþ 1
k

� �
xðaÞk�1; k � 1: ð8Þ
See, for example, papers [6,21] for the details. For any function vðx; tÞ, we let vk
j ¼ vðxj; tkÞ and for the convenience of nota-

tions, we put these coefficients kl � xð1�cÞ
l ¼ ð�1Þl 1� c

l

� �
; l ¼ 0;1; . . . ; k. Then the implicit compact finite difference method

for 1, 3 and 4 is given as follows:
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Introduce the scaling parameter l ¼ Kc
sc

h2 and multiply both sides of (9) by the operator 1þ 1
12 d2

x
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terms and noting that k0 ¼ 1, we have
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On the mesh points ðxj; tkÞ; j ¼ 1;2; . . . ;M � 1, we get
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And we can see that the coefficients for U0
j�1;U

0
j and U0

jþ1 are different for k ¼ 1 and k � 2, and this makes the matrix B0 dif-
ferent for k ¼ 1 and k � 2 below. Use the ‘‘empty sum” convention, we can write (11) simply as
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3. Matrix form of the numerical scheme

Multiply the compact implicit difference approximation scheme (10) or (11) by a common factor 12, we can give the ma-
trix form of the scheme by
AU1 ¼ eB0U0 þ F1;

AUk ¼
Pk�1
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where the tridiagonal matrices in (12) are given by
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For the solvability of the scheme we have

Theorem 1. The difference system (10) has a unique solution.
Proof. Because for any l ¼ Kc
sc

h2 > 0, the coefficient matrix A for the difference equations is strictly diagonally dominant.
Consequently, the matrix A is nonsingular, thus it is invertible. Therefore, the solution of our compact difference scheme
exists and is unique. h
4. Theoretical analysis of the compact finite difference scheme

4.1. The local truncation error

We give the local truncation error of our scheme. First, we can use (7) to obtain
0D1�c
t f ðtÞ ¼ sc�1
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1 Hence the local truncation error of the scheme (10) is (note that 0 < c < 1)
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4.2. Stability

Stability analysis of the difference approximation scheme can be discussed by the Fourier method, as given in paper [7].
Let eUk

j be the approximate solution of (10), and define
qk
j ¼ Uk

j � eUk
j ; 1 � j � M � 1; 0 � k � N
with corresponding vector
qk ¼ ðqk
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k
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We expand qk into a piecewise constant function, that is, for k ¼ 0;1; . . . ;N, we define the grid function
e that Lemma 2 in [7] only holds for ks ¼ 1. Therefore, we cannot obtain Rk
j ¼ Oðsþ h2Þ for all k. The local truncation error given here is similar to (2.6)

r [8] or (24) in paper [10].
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We can expand qkðxÞ in a Fourier series
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This finishes the proof. h

Based on the above analysis, we can suppose that the solution of (15) has the following form
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ð1þ 4l sin2 rh
2
Þd1 ¼ 1� 4lk1 sin2 rh

2

� �
d0
for k ¼ 1 and for 2 � k � N,
1þ 4l sin2 rh
2

� �
dk ¼ 1� 4lk1 sin2 rh

2

� �
dk�1 � 4l sin2 rh

2

Xk�2

l¼0

kk�ldl:
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Consequently,
2 The
d1 ¼
1�4lk1 sin2 rh

2

1þ4l sin2 rh
2

d0;

dk ¼
1�4lk1 sin2 rh

2

1þ4l sin2 rh
2

dk�1 �
4l sin2 rh

2

1þ4l sin2 rh
2

Pk�2

l¼0
kk�ldl; 2 � k � N:

8>>><>>>: ð16Þ
Note that 0 < c < 1, then the following lemma holds (see, for example, [7])2.

Lemma 2. The coefficients klðl ¼ 0;1; . . .Þ satisfy
(1) k0 ¼ 1; lambda1 ¼ c� 1; kl < 0; l ¼ 1;2; . . .

(2)
P1

l¼0kl ¼ 0, and for all n � 1; �
Pn

l¼1kl < 1.

Thus we get

Lemma 3. Suppose that dkð1 � k � NÞ are defined by (16), then for 0 < c < 1, we have
jdkj � jd0j; k ¼ 1;2; . . . ;N:
Proof. We will use mathematical induction to complete the proof. For k ¼ 1, from the first equation in (16) we have
jd1j �
1þ 4lð1� cÞ sin2 rh

2

1þ 4l sin2 rh
2

jd0j:
Noticing that 0 < c < 1, we obtain jd1j � jd0j. Suppose that we have proved that jdnj � jd0j;1 � n � k� 1, with the second
equation in (16) and Lemma 2, we have
jdkj �
1þ 4lð1� cÞ sin2 rh

2

1þ 4l sin2 rh
2

jdk�1j þ
4l sin2 rh

2

1þ 4l sin2 rh
2

Xk�2

l¼0

jkk�ljjdlj

�
1þ 4lð1� cÞ sin2 rh

2

1þ 4l sin2 rh
2

jd0j þ
4l sin2 rh

2

1þ 4l sin2 rh
2

Xk�1

l¼0

jkk�lj � jk1j
 !

jd0j

�
1þ 4lð1� cÞ sin2 rh

2

1þ 4l sin2 rh
2

jd0j þ
4l sin2 rh

2

1þ 4l sin2 rh
2

�
Xk

l¼1

kl � ð1� cÞ
 !

jd0j

�
1þ 4lð1� cÞ sin2 rh

2

1þ 4l sin2 rh
2

jd0j þ
4l sin2 rh

2

1þ 4l sin2 rh
2

ð1� ð1� cÞÞjd0j ¼ jd0j:
That is, jdnj � jd0j holds true for n ¼ k, hence the proof is completed. h

For the stability of the scheme, we have

Theorem 2. The compact difference scheme defined by (10) is unconditionally stable for 0 < c < 1.
Proof. Suppose that eUk is the approximate solution of (10). Applying Lemma 3 and Parseval’s equality, we obtain
kUk � ~Ukk2
l2 ¼ kq

kk2
l2 ¼

XM�1

j¼1

hjqk
j j

2 ¼ h
L1 � L0

XM�1

j¼1

jdkeirjhj2 ¼ h
L1 � L0

XM�1

j¼1

jdkj2

� h
L1 � L0

XM�1

j¼1

jd0j2 ¼
h

L1 � L0

XM�1

j¼1

jd0eirjhj2 ¼ kq0k2
l2 ¼ kU

0 � ~U0k2
l2 ; k ¼ 1;2; . . . ;N
which proves that scheme (10) is unconditionally stable. h
4.3. Convergence

For integer order partial differential equations, by the Lax equivalence theorem it follows then that stability and consis-
tency imply convergence. For the fractional order ones, Lubich [21] proved that the numerical approximation of fractional
integrals is convergent of order p if and only if it is stable and consistent of order p. We will prove that the compact finite
re is a typo in [7],
P1

l¼0kl should be zero, as klðl ¼ 0;1; . . .Þ are the coefficients of the generating function ð1� zÞ1�c .
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difference scheme converges with the spatial accuracy of fourth order. For this purpose, we use the following discrete Gron-
wall Lemma 1.4.2 in [23]).

Lemma 4. Assume that kn is a non-negative sequence, and that the sequence /n satisfies
/0 � g0;

/n � g0 þ
Pn�1

s¼0
ps þ

Pn�1

s¼0
ks/s; n � 1:

8<:

Then /n satisfies
/1 � g0ð1þ k0Þ þ p0;

/n � g0
Qn�1

s¼0
ð1þ ksÞ þ

Pn�2

s¼0
ps

Qn�1

r¼sþ1
ð1þ krÞ þ pn�1; n � 2:

8><>:

Moreover, if g0 � 0 and pn � 0 for n � 0, it follows
/n � ðg0 þ
Xn�1

s¼0

psÞ expð
Xn�1

s¼0

ksÞ; n � 1:
Now we have

Theorem 3. The compact difference scheme defined by (10) is first order accurate in time and fourth accurate in the space
variable, i.e.,
kuk � Ukkl2 � Cðsþ h4Þ; k ¼ 1;2; . . . ;N:
Proof. We conclude from (14) that
jRk
j j � Cðkc�1sc�1 þ 1Þðsþ h4Þ; 1 � k � N: ð17Þ
Let ek
j ¼ uk

j � Uk
j ;1 � j � M � 1; ek ¼ ðek

1; e
k
2; . . . ; ek

M�1Þ
T
;Rk ¼ ðRk

1;R
k
2; . . . ;Rk

M�1Þ
T
;1 � k � N, then we have
1þ 1
12
� l

� �
d2

x

� �
uk

j � 1þ 1
12

d2
x

� �
uk�1

j ¼ l
Xk

l¼1

kld
2
x uk�l

j þ s 1þ 1
12

d2
x

� �
f k
j þ s 1þ 1

12
d2

x

� �
Rk

j ;

1 � j � M � 1; 1 � k � N;
and
1þ 1
12

d2
x

� �
Rk

j





 



 � 1
12

Rk
j�1





 



þ 5
6

Rk
j





 



þ 1
12

Rk
jþ1





 



 � Cðkc�1sc�1 þ 1Þðsþ h4Þ:
Let eRk ¼ 1þ 1
12 d2

x

� �
Rk

1; 1þ 1
12 d2

x

� �
Rk

2; � � � ; 1þ 1
12 d2

x

� �
Rk

M�1

� 	T
, then we have
Au1 ¼ eB0u0 þ F1 þ seR1;

Auk ¼
Pk�1

l¼0
Blul þ Fk þ seRk; k ¼ 2;3; . . . ;N:

8><>: ð18Þ
Note that e0 ¼ 0, subtract (18) from (12), we get
Ae1 ¼ seR1;

Aek ¼
Pk�1

l¼1
Blel þ seRk; k ¼ 2;3; . . . ;N:

8><>: ð19Þ
Take the inner product with e1 and ek respectively, we have
ðAe1; e1Þ ¼ sðeR1; e1Þ;

ðAek; ekÞ ¼
Pk�1

l¼1
ðBlel; ekÞ þ sðeRk; ekÞ; k ¼ 2;3; . . . ;N:

8><>: ð20Þ
For any symmetric matrix A, let fkiðAÞgM�1
i¼1 denote the eigenvalues of the matrix A; kminðAÞ is the smallest eigenvalue and

kmaxðAÞ is the largest eigenvalue among them, respectively. Note that Blðl ¼ 0; . . . ; k� 1Þ are also symmetric positive definite
because they are symmetric and diagonally dominated, with positive diagonal elements. For any symmetric matrix A, we can
use the property of Rayleigh-Ritz ratio, i.e., for any vector x 2 RM�1;x–0, we have (Theorem 4.2.2 in [24])
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kminðAÞ �
ðAx; xÞ
ðx;xÞ � kmaxðAÞ:
Thus we obtain
ðAek; ekÞ � kminðAÞðek; ekÞ ¼ kminðAÞkekk2
;

jðBlel; ekÞj � ðBlel; elÞ1=2ðBlek; ekÞ1=2 � kmaxðBlÞkelkkekk;
jðeRk; ekÞj � keRkkkekk
where k � k stands for the Euclidean norm (or l2 norm) on RM�1, i.e., kvk ¼
PM�1

j¼1 v2
j

� 	1=2
. We arrive at
ke1k � 1
kminðAÞ

skeR1k;

kekk � 1
kminðAÞ

Pk�1

l¼1
kmaxðBlÞkelk þ skeRkk

� 

; k ¼ 2;3; . . . ;N:

8><>: ð21Þ
We need to know the eigenvalues and eigenvectors for the matrices A; eB0 and Blðl ¼ 0; . . . ; k� 1Þ above, all the matrices are
tridiagonal ones. In fact, if we define
T ¼ Trða; b; cÞ ¼

b c 0 � � � 0

a b c . .
. ..

.

0 . .
. . .

. . .
.

0
..
. . .

.
a b c

0 � � � 0 a b

0BBBBBBBB@

1CCCCCCCCA
ðM�1Þ�ðM�1Þ

;

then the eigenvalues and associated eigenvectors are given by Thomas [22]. That is, we have eigenvalues
kjðTÞ ¼ bþ 2c

ffiffiffi
a
c

r
cos

jp
M

and corresponding eigenvectors
aj ¼

a1

..

.

ak

..

.

aM�1

0BBBBBBB@

1CCCCCCCA; ak ¼ 2
ffiffiffi
a
c

r !k

sin
kjp
M

; k ¼ 1; . . . ;M � 1
for j ¼ 1; . . . ;M � 1. Therefore, we have, for j ¼ 1; . . . ;M � 1,
kjðAÞ ¼ 10þ 24lþ 2ð1� 12lÞ cos
jp
M
¼ 8þ 4 cos2 jp

2M
þ 48l sin2 jp

2M
;

kjðBlÞ ¼ 12lkk�l �2þ 2 cos
jp
M

� �
¼ �48lkk�l sin2 jp

2M
; l ¼ 0;1; . . . ; k� 2;

kjðeB0Þ ¼ kjðBk�1Þ ¼ 10� 24lk1 þ 2ð1þ 12lk1Þ cos
jp
M
¼ 8þ 4 cos2 jp

2M
� 48lk1 sin2 jp

2M
:

From (21), we obtain
kekk � �
Xk�2

l¼1

6lkk�lkelk þ kek�1k þ 1
8
sðkeRkk þ keR1kÞ; k ¼ 1;2 . . . ;N: ð22Þ
By Lemma 4, we get
kekk � Cs
Xk

l¼1

keR lk exp �6l
Xk�1

l¼1

kk�l þ 1

 !
� Cs

Xk

l¼1

keR lk expð1þ 6lÞ � Cs
Xk

l¼1

keR lk:
Consequently, note that for uniform meshes, we have keRkkl2 ¼ h1=2keRkk ¼ Oððkc�1sc�1 þ 1Þðsþ h4ÞÞ and for ks ¼ t � T ,
s
Xk

l¼1

lc�1sc�1 ¼
Xk

l¼1

ðlsÞc�1s �
Z t

0
sc�1ds ¼ c�1tc � c�1Tc;
hence we get



Table 1
Error an

h ¼ s
h ¼ 1

8

h ¼ 1

h ¼ s
h ¼ 1

h ¼ 3

Table 2
Error an

h ¼ s
h ¼ 1

8

h ¼ 1

h ¼ s
h ¼ 1

h ¼ 3
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kekkl2 � Cs
Xk

l¼1

keR lkl2 � Csðsþ h4Þ
Xk

l¼1

ðlc�1sc�1 þ 1Þ � Cðc�1Tc þ TÞðsþ h4Þ � Cðsþ h4Þ: ð23Þ
This completes the proof. h
5. Numerical experiments

Example 1. We consider the Example 1 given in paper [7],
@uðx;tÞ
@t ¼ 0D1�c

t
@2u
@x2

h i
þ ex ð1þ cÞtc � Cð2þcÞ

Cð1þ2cÞ t
2c

h i
; 0 < t � 1; 0 < x < 1;

uð0; tÞ ¼ t1þc; uð1; tÞ ¼ et1þc; 0 � t � 1;
uðx;0Þ ¼ 0; 0 � x � 1;

8>><>>: ð24Þ
with the exact solution being uðx; tÞ ¼ ext1þc.

Since the l2 error of our difference scheme is of first order in time and fourth order in space, assume that the error of our
scheme satisfies (where C1ðuÞ and C2ðuÞ depend on the theoretical solution u)
kekkl2 ¼
XM�1

j¼1

jek
j j

2h

 !1=2

¼ C1ðuÞsþ C2ðuÞh4
;

then if we decrease the mesh size of h to h=2 and s to s=16, then we get a factor 1=16 for the error kekkl2 . Therefore, to test the
order of convergence of the scheme (10), we first let h ¼ s ¼ 1=4, then we let h ¼ 1=8; s ¼ 1=64, and h ¼ 1=16 and
s ¼ 1=1024 (corresponding to upper half of Tables 1 and 2). We also choose another pair of the mesh sizes, starting from
h ¼ s ¼ 1=8 (corresponding to lower half of Tables 1 and 2).

The results for kekl2 and kekl1 ¼max1�j�M�1jUN
j � uðxj;1Þj for the final time t ¼ 1 (we abbreviate the superscript N), to-

gether with the relative error in brackets, and the experimental convergence order are shown in Tables 1 and 2 for
c ¼ 0:25 and c ¼ 0:75, respectively.

In these tables, the experimental order of convergence rðs;hÞ is computed by the formula
rðs;hÞ ¼ log2ðkeð16s;2hÞk	=keðs; hÞk	Þ;
and keðs;hÞk	 means the error kek	 computed with mesh sizes s and h, with kek	 ¼ kekl1 ; kekl2 or kekl2=kukl2 . For example, the
order of convergence are obtained by data from the first line divided by the second line, and the second divided by the third,
respectively, i.e., we get the results for r 1

64 ;
1
8

� �
and r 1

1024 ;
1

16

� �
, respectively.

These results are in accordance with the order of convergence of our implicit difference approximation scheme. The
numerical solution U were plotted using h ¼ 1

16 ; s ¼ 1
1024, with c ¼ 0:25 and c ¼ 0:75, respectively, in Figs. 1 and 2.
d experiment order of convergence with c ¼ 0:25.

kekl1 Order kekl2 Order kekl2 =kukl2 Order

¼ 1
4

0.0148 – 0.0109 – 0.0073 –

; s ¼ 1
64

0.0010 3.8875 7.7033e�4 3.8227 4.6995e�4 3.9573
1
6 ; s ¼ 1

1024
4.3249e�5 4.5312 3.1655e�5 4.6050 1.8472e�5 4.6691

¼ 1
8

0.0086 – 0.0063 – 0.0039 –
1
6 ; s ¼ 1

128
4.8554e�4 4.1467 3.5525e�4 4.1484 2.0731e�4 4.2336

1
2 ; s ¼ 1

2048
1.8928e�5 4.6810 1.3856e�5 4.6803 7.9151e�6 4.7110

d experiment order of convergence with c ¼ 0:75.

kekl1 Order kekl2 Order kekl2 =kukl2 Order

¼ 1
4

0.0067 – 0.0048 – 0.0032 –

; s ¼ 1
64

0.0016 2.0661 0.0012 2.0000 7.2406e�4 2.1439
1
6 ; s ¼ 1

1024
1.1182e�4 3.8388 8.1401e�5 3.8818 4.7502e�5 3.9300

¼ 1
8

0.0075 – 0.0054 – 0.0033 –
1
6 ; s ¼ 1

128
8.5296e�4 3.1363 6.2087e�4 3.1206 3.6231e�4 3.1872

1
2 ; s ¼ 1

2048
5.6363e�5 3.9197 4.0898e�5 3.9242 2.3363e�5 3.9549
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Fig. 1. Numerical solution Uðxi; tnÞ; c ¼ 0:25.
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To increase the accuracy in time, we give the results with the Richardson extrapolation method given in [8] in Table 3, for
the errors in l2 and l1 norms at t ¼ 1 (with the l1 norms in the brackets). For spatially fractional-order diffusion equations,
temporally and spatially second-order accurate numerical estimates were obtained in Tadjeran and Meerschaert [25] by the
classical Crank–Nicolson method combined with alternating direction implicit method and spatial extrapolation.

In Table 3, we can see that the Richardson extrapolation technique generally works well for increasing the order of local
truncation error. We attribute the exceptions for c ¼ 0:5 and c ¼ 0:6 to that the errors are no longer decreased to halves so
we tried another two pairs for s ¼ 1=2 and s ¼ 1=4, and the extrapolation is effective now.

Example 2. Another example is inspired by Example 1 given in paper [26],
@uðx;tÞ
@t ¼ 0D1�c

t
@2u
@x2

h i
þ f ðx; tÞ; 0 < t � 1; 0 < x < 1;

uð0; tÞ ¼ 0; uð1; tÞ ¼ 0; 0 � t � 1;
uðx;0Þ ¼ 0; 0 � x � 1:

8>><>>: ð25Þ
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Fig. 2. Numerical solution Uðxi; tnÞ; c ¼ 0:75.



Table 3
Error in l2 and l1 norms with h ¼ 1

64.

c s ¼ 1
8 s ¼ 1

16
After extrapolation

0.1 0.0040(0.0054) 0.0024(0.0033) 8.3460e�4(0.0011)
0.2 0.0059(0.0081) 0.0033(0.0045) 5.9432e�4(8.1364e�4)
0.3 0.0064(0.0087) 0.0031(0.0043) 7.4592e�5(1.0242e�4)
0.4 0.0055(0.0076) 0.0024(0.0032) 8.1669e�4(0.0011)
0.5 0.0036(0.0049) 0.0011(0.0015) 0.0014(0.0020)
0.6 7.1131e�4(9.5425e�4) 5.7619e�4(8.1066e�4) 0.0019(0.0026)
0.7 0.0032(0.0044) 0.0026(0.0036) 0.0020(0.0028)
0.8 0.0080(0.0110) 0.0050(0.0069) 0.0020(0.0027)
0.9 0.0138(0.0190) 0.0078(0.0107) 0.0018(0.0024)

c s ¼ 1
2 s ¼ 1

4
After extrapolation

0.5 0.0171(0.0234) 0.0096(0.0131) 0.0020(0.0027)
0.6 0.0139(0.0190) 0.0055(0.0075) 0.0029(0.0039)

Table 4
Error and the experimental order of convergence.

t h ¼ 1
4 ; s ¼ 1

16 h ¼ 1
8 ; s ¼ 1

256
Order h ¼ 1

16 ; s ¼ 1
4096

Order

1/16 0.0016(0.5895) 4.5274e�4(0.1639) 1.8213 2.7829e�5(0.0101) 4.0240
1/8 0.0130(1.1787) 9.0399e�4(0.0818) 3.8461 5.5819e�5(0.0051) 4.0175
3/16 0.0218(0.8789) 0.0014(0.0548) 3.9608 8.4276e�5(0.0034) 4.0542
1/4 0.0302(0.6834) 0.0018(0.0413) 4.0685 1.1323e�4(0.0026) 3.9907
5/16 0.0385(0.5569) 0.0023(0.0333) 4.0652 1.4271e�4(0.0021) 4.0105
3/8 0.0467(0.4699) 0.0028(0.0280) 4.0599 1.7270e�4(0.0017) 4.0191
7/16 0.0551(0.4068) 0.0033(0.0242) 4.0615 2.0323e�4(0.0015) 4.0213
1/2 0.0635(0.3592) 0.0038(0.0213) 4.0627 2.3428e�4(0.0013) 4.0197
9/16 0.0721(0.3221) 0.0043(0.0191) 4.0676 2.6587e�4(0.0012) 4.0155
5/8 0.0807(0.2923) 0.0048(0.0174) 4.0715 2.9799e�4(0.0011) 4.0097
11/16 0.0895(0.2679) 0.0053(0.0159) 4.0778 3.3064e�4(9.8930e�4) 4.0027
3/4 0.0985(0.2476) 0.0059(0.0147) 4.0613 3.6384e�4(9.1474e�4) 4.0193
13/16 0.1076(0.2304) 0.0064(0.0137) 4.0715 3.9757e�4(8.5169e�4) 4.0088
7/8 0.1168(0.2157) 0.0069(0.0128) 4.0813 4.3184e�4(7.9766e�4) 3.9980
15/16 0.1262(0.2030) 0.0075(0.0121) 4.0727 4.6665e�4(7.5087e�4) 4.0065
1 0.1357(0.1919) 0.0081(0.0114) 4.0664 5.0200e�4(7.0993e�4) 4.0122
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The exact solution of the problem (25) is uðx; tÞ ¼ t2 sinð2pxÞ, and f ðx; tÞ ¼ 2t þ 8p2t1þc

Cð2þcÞ

� 	
sinð2pxÞ. In the numerical com-

putations we let c ¼ 0:5.

As before, the l2 error kekkl2 (with tk ¼ ks), together with the relative errors in brackets, and the experimental convergence
order are shown in Table 4. We can see that the experimental convergence order is approximately 4, that is, the results
nearly meet our anticipations.

Though the coefficient matrix of the unknowns is tridiagonal and the scheme can be easily solved by the Thomas algo-
rithm, we must admit that since all time history must be in memory, the memory requirements are costly, and the computer
memory will limit the step sizes. In fact, we have tried to use the ‘‘Short Memory” principle as proposed in [2], but the
numerical experiments are not very satisfactory unless sufficiently many previous time steps have been included. The author
thanks one referee for pointing out this comment.

6. Conclusion

In this paper we have investigated the stability and accuracy of a compact implicit difference scheme for solving the frac-
tional diffusion equation. This compact implicit difference scheme has the advantage of high accuracy with the coefficient
matrix still being a tridiagonal one, therefore, the linear system of equations are easy to solve. We have proved that the
method is unconditionally stable for 0 < c < 1. We have also shown that the method has accuracy of four in the spatial grid
size and one in the fractional time step. The conclusions are verified by some numerical experiments.
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